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I. INTRODUCTION 	Comment by 황지현/교수/수학교육과: Heading 1

Recent reform efforts in mathematics education call for using carefully selected tasks and reflecting students’ thinking in mathematics instruction (National Council of Teachers of Mathematics [NCTM], 2014). One attempt to address such reform efforts has led to recent attention to learning trajectories (LT) in mathematics education. The attention was made on the areas of standards, curriculum, and instruction (Clements, Sarama, Spitler, Lange, & Wolfe, 2011; Wilson, Sztajn, Edgington, & Myers, 2015). Learning trajectories are research-based students’ development of students’ levels of thinking in specific mathematical topics (Clements & Sarama, 2004). With the attention given to LT, it is important to find ways to support teachers in designing lessons and selecting tasks that reflect evidence of students’ mathematical thinking. Researchers believe that it is more effective, efficient, and generative for students to have learning experiences that are consistent with such natural developmental progressions compared to learning that does not follow these paths (Clements & Sarama, 2004). Previous studies have shown the benefits of LT in preparing lessons, selecting mathematical tasks, and creating richer classroom environments (Clements et al., 2011; Wilson et al., 2015). 	Comment by 황지현/교수/수학교육과: Body Text
Here are our research questions that we attempted to answer. 

1. To what extent are the Common Core standards aligned with volume learning trajectory?	Comment by 황지현/교수/수학교육과: Seriation
2. To what extent are items in Common Core textbooks aligned with volume learning trajectories? 
3. What are the sources of misalignment, if any?.


II. RELATED LITERATURE

Opportunities to Learn that Textbooks Offer	Comment by 황지현/교수/수학교육과: Heading 2
Researchers generally agree that there are several stages, written or formal, intended, and implemented or enacted, in curriculum enactment process (Remillard & Heck, 2014). In most countries, “formal” or “written” curriculum is what officials recommend and expect teachers to teach or the goals and activities outlined by school policies (Stein et al., 2007). Teachers can plan their lessons in “Intended” curriculum such as lessons plans and “enacted” or “implemented” curriculum is what teachers actually teach in their classes (Remillard & Heck, 2014; Stein et al., 2007). Official State standards and CCSSM are included in written curriculum (Schmidt et al., 2001; Stein et al., 2007) and events that teachers and students experience in classes are included in enacted curriculum (Remillard & Heck, 2014). With these meanings, curriculum goes through several stages until teachers and students experience in their classrooms (Remillard, 2005; Remillard & Heck, 2014; Stein et al., 2007). Although researchers called textbooks differently “written”, “formal”, “intended” and “potentially implemented” curriculum (Cai & Howson, 2013; Stein et al., 2007; Valverde, Bianchi, Wolfe, Schmidt, & Houang, 2002), researchers generally agree that textbooks continue to play an important role in shaping teachers’ intended and enacted mathematics curricula (Polikoff, 2015; Remillard et al., 2014; Stein et al., 2007). 

[bookmark: Table1][bookmark: Abstract]Table 1. A developmental progression for volume measurements (Sarama & Clements, 2009)	Comment by 황지현/교수/수학교육과: Table

	
	Volume

	Ages 0-3
	Volume quantity recognizer

	Age 4
	Capacity direct comparer

	Kindergarten (Age 5)
	Capacity indirect comparer

	Grade 1 (Age 6)
	Primitive 3-D array counter

	Grade 2 (Age 7)
	Capacity relater and repeater
Partial 3-D structurer

	Grade 3 (Age 8)
	3-D row and column structurer

	Grade 4 (Age 9)
	3-D array structurer



As seen in Table 1, the learning trajectory of volume begin from the stage of recognizing, filling three - dimensional quantities with unit and end with the stage of structuring two and three- dimensional spaces (layer) systematically. With these development steps, students can make progress from counting faces of unit cubes or double counting unit cubes to comparing, filling three – dimensional spaces and understanding how to link layer structure to volume formula (length × width × height) to compute volume.
There are other researchers that investigated how students learn volume in their early age (Battista, 2004; Battista & Clements, 1996; Vasilyeva et al., 2013). Although these studies did not specify students’ age for each development level when learning volume, the results demonstrate similar challenges and difficulties, which indicate the importance of development steps in SCLT.
Battista and his colleagues introduced seven different levels of understanding volume. These seven levels are not exactly identical to Sarama and Clements’ LTs but there are common challenges that students have. Table 2 describes seven levels that were found by Battista and Colleagues.



[bookmark: Table2]Table 2. Students’ development in volume measurement by Battista
	
	Area and Volume Development

	Level 1
	Absence of units-locating and organizing-by-composites processes.

	Level 2
	Beginning use of the units-locating and the organizing-by-composites
processes

	Level 3
	Units-locating process becomes sufficiently coordinated to recognize and
eliminate double-counting errors

	Level 4
	Use of organizing-by-composites process to structure an array with maximal
composites, but insufficient coordination for iteration.

	Level 5
	Use of units-locating process sufficient to correctly locate all units, but less-
than-maximal composites employed

	Level 6
	Complete development and coordination of both the units-locating and the
organizing-by-composites processes

	
Level 7
	Students’ spatial structuring and enumeration schemes become sufficiently abstract so that students can (a) understand the connection between numerical procedures and spatial structurings, and (b) generalize their
reasoning to “packages.”


Adopted from Battista, (Battista, 2004)

The results show that some students do not use layer structure and only one dimensional row or column or see faces of 3D figure so that they are not able to count the number of unit cubes correctly (Battista & Clements, 1996). In addition to Battista and colleagues’ study, other studies also show that understanding unit, layer structures are challenging to elementary students (Vasilyeva et al., 2013). Students use counting faces, double counting, partial and/or complete layer structure to solve volume problems; however, when students use development steps in LT, using layer structure, they tend to answer volume problem correctly (Vasilyeva et al., 2013). While it is well documented that developmental steps in volume LT are challenging, Trends in International Mathematics and Science Study 2011 (TIMSS 2011) study shows that fundamental steps in LT are still challenging to older students. For example, 75% of 8th graders (international average) answered item M052206 incorrectly, which required students to use a same-sized unit (a book in this problem) to repeatedly to fill three-dimensional space to estimate the volume of a box (Mullis et al., 2012). More than half of 8th graders (53 % - international aeverage) have difficulties when solving item M032100 about being able to see and structure three-dimensional space that can be filled with unit cubes (Mullis et al., 2012). Additionally, 57 % of 8th graders (international average) answered item M042201 incorrectly, which required students to find the missing value for the length when the volume, the width and the height are known (Mullis et al., 2012). Since 8th graders still have challenges in solving these volume tasks, these results from TIMSS indicate that it is important for students to have OTL to be exposed to these important development steps


III. METHODS

Survey of Enacted Curriculum
The Webb Alignment Tool (WAT) and the Surveys of Enacted Curriculum (SEC) are two well –known ways to measure alignment (Martone & Sireci, 2009; Newton & Kasten, 2013). WAT includes a more detailed analysis of alignment than SEC, while SEC includes simpler ways to measure alignment in terms of content topics and cognitive demand (Martone & Sireci, 2009; Newton & Kasten, 2013). Our main goal in this study was to measure how items in Common Core-aligned textbooks and students’ development in volume measurement agreed with each other with a particular interest in how they aligned across content topic level. When WAT and SEC were compared, SEC was deemed more appropriate to measure content level alignment, as WAT provided several other dimensions of alignment (Martone & Sireci, 2009). This study used the Surveys of Enacted Curriculum (SEC) which were used in previous textbook and curriculum alignment analyses (Polikoff, 2015; Porter et al., 2011) and other alignment studies (Liu & Fulmer, 2008; Liu et al., 2009). SEC gives a simple way to measure alignment. It uses two matrices, one for each curriculum material (e.g. LTs, CCSSM and textbooks in this study) and the following formula:
Alignment Index =	Comment by 황지현/교수/수학교육과: equation
where n is the total number of cells in the table. Here, 𝑥𝑖 is the proportion of content in cell i of document x (e. g. CCSSM) and 𝑦𝑖 is the proportion of content in cell i of document y (e.g. LTs for volume). Both 𝑥𝑖 and 𝑦𝑖 can have a value between 0 and 1. If two documents are perfectly aligned, the alignment index is 1. Thus, an index closer to 1 shows better alignment between the two documents. For example, in the two frequency tables below, we can use the ratio to calculate the absolute value of the discrepancy between the ratios and compute the SEC index.
Codes Establishment. The SEC includes a set of mathematical topics that may be used when two educational components were compared. The SEC then compares two matrices that contain measures of the inclusion of those mathematical topics, and computes alignment based on evaluation of the agreement in the cell values of the two tables. However, we were not able to use the topics available in the SEC because those topics were not specific enough – there was only one relevant area topic, namely “Area and Volume”. Thus, we needed to develop volume content codes from SCLT and CCSSM. Both SCLT and the CCSSM have volume topics for appropriate age and grade levels. During research meetings, authors discussed coding these topics. Coding the textbooks items began by establishing content codes from both the CCSSM and SCLTs for volume (see Appendix A) (Sarama & Clements, 2009). To create list of volume topics and topics that are included in the CCSSM and SCLT, the authors met several times to discuss and examine how those topics are described in CCSSM and SCLT. As we discussed SCLT and CCSSM, we noticed that both SCLT and CCSSM include several volume topics in one grade (age) level (or one standard) so we were able to establish several content codes from both SCLTs and CCSSM from one grade (age) level/standard. For example, around age 6 (1st grade), we found the following from volume SCLT.

Partial understanding of cubes filling a space (students might count faces of cubes and also possibly double count cubes) (Sarama & Clements, 2009, p. 307)	Comment by 황지현/교수/수학교육과: quotation

From this, we discussed and established code 101. We’ve also discussed that it is not possible to measure students’ partial understanding with just textbook items. Thus, for code like this, we were trying to see if 1st grade textbooks give students opportunities to experience filling a space with cubes. With items about filling a space with cubes, students are able to demonstrate partial understanding, counting faces or double counting, and gradually build understanding of volume measurement. We also found around age 7 (2nd grade) the following from SCLT.


Coding Reliability
Each textbook includes worked examples, exercise problems, and exposition. As Polikoff (2015) did, we gave equal weight to these. After discussion about the established codes, two authors coded about 20% of the textbook items to check inter-rater reliability. The coders gave, at most, three codes to each item, because an item can possibly involve multiple standards in the CCSSM as well as stages in the learning trajectory. After comparing codes for sample items and finding an acceptable high inter-rater reliability, the authors coded all textbook items jointly to produce a final set of tables for analysis, resolving coding differences of individual items. To determine reliability, we applied a generalizability theory D study (Alkhrausi, 2012). This technique produced a reliable coefficient of 0.964. The reliability coefficient is greater than coefficients found in previous research with the same technique (Polikoff, 2015). In all, 174 (Envision Math), 151 (My Math), and 217 (Go Math) items were analyzed. 

[image: ]	Comment by 황지현/교수/수학교육과: Figure
[bookmark: Figure2]Figure 2. Sample textbook pages (Go Math, 2015 5th, p. 665).

Ⅳ. CONCLUSION

Overall, the three textbook series did not match the pacing of SCLTs for volume. With the issues that we found, when teachers prepare volume lessons with these textbook series, it is likely that their lessons do not reflect development steps of SCLT and it might more likely push students towards a procedural understanding, without addressing the conceptual groundwork. With all of our findings, we are also not claiming that textbooks are the single cause of students’ difficulties in the future. It will be less problematic, however, if misaligned topics and activities were not fundamental concepts to understand volume. Since those topics and activities are fundamental ideas in volume, it will be important to fill the gaps between what textbooks offer and corresponding LTs when teachers and students are using these textbooks.
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